No. |
Cate jo4 q B

& = (xm.yw. 2) . 1=(a.b) con oS the whole lne (ie g>-c0 b->00) —
T TNa w6
1
Image of a=C= { (xw. yo, z) te I}$_mm_ma4m_o£_muum PETER /\/

Def. b._paramesrized diferencial curve s 0 diffeensible ‘map_ & 1R

Ex:m &:(-¢.2m1€)— llg2 .o = (acost, asint ), 0207, dit) = (-acint. . awst) 2

- ‘ -
_ . 8m=(acoszt, sinat ). €t = (-2a.inzt. 20062t) —> - Sint ond cost ave d¥E (- Six

7 7
18| = 21t] , « and & have: same. _trace :

9a
= (. £ R>K, e = (3£, 2t)  porametrized diff. curve, 1 .
2
40 s the._graph of y= et N——
Cusp
;___a(_is_ml_a_[egular curve o€,(t)lt=q = (0.0) L1 = (0. 0)
{ |, t>o0" 44
e IR am= (). gin= -1 .t o N /

LY

——__parametrized curve . but not. parametrized differential curve 0

Note. B _curve. describes . the motion_ &mmﬁmmmmmwmm_

—.or _director, the_curve is consided to the different.

heyv culture
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Ex:ot: R R o= (f=t, -0, s®)ltsy = (0,0) , dOhten =000

*
___d_is_not._required_one_to_one fsme xsysfosfyp

M.ﬁ_mmm_mmw_isliﬂ&mgum it dhxo  Ytel

Ex: (helix) o : R—> ¥ .i&gm_bg_ﬂnj_(,qmﬁﬂsinwzlggin‘bm

-

wA__'gm:_(g._o,_g)_,_os(-'zlp(o.a.th) &(T) = 0,0, Th) e P —
b4

@) hos irs trace in B a helix_of pirch 21b on the cylinder Xr4=d

A.ﬁ_:m_MnLMML&K__;'L_m_-js_n_mgulqr_mwem___V_____.A

it "
Note. > Any_point t_St. oi=0 is a_singular point_of o - ‘x\/’_\ .
__@let o&: 1> R be porametrized differentioble curve ; ' —
_For eoch tel st dinzo. the tangent line to o ot t i the e which contains the point. «( ond
the._uector _&(t).
The fength of the curve T
KemlL:_ili_u;_L\aJ.ygkm_jsmmLmﬁkim,\mgth K vl = Vievied - -

Given o : fa.b1—> I}, R(«Ta,b1) = the length of curve betieen o 8 b

e

o
dltret)

\
L,__m_iﬁ.lfm: __the part. of image of « between d() and s(trat) i nearly a stroight Wme.

; altrat)-a)
2(altrat]) = |sltrat) -], 6150 iR i % (8 trat) _ o

Iaka..Lmﬂrmm..ﬁj_i_&z'_cu_&u_:‘_:_tmab.LJli(d.P) = Zlatto-attenl, ti-tl Semal

Hu 3 @) PL= % 1t tial ghen €50 3820 st [fatdtiae - Bewml<e i€ p1es

Chwuvculture
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t 7’
MWM&L&WLMMEQ = Jt, Lotts) | —-—

. The_arc-length st is_a_differentiable_function

@ = 140) b Fundamental Theorer of Colculus -

@ Tt depends on the image of o, ot o

an
k;mmmm.wmﬂtﬁLhLm@ = 21a

'WLMWMMWMH e I

Egg;g.,helg_mguhunm_mn_bc_mmmtﬁzed_hg_amdmgm S

Tdeo : Find t) st 46) satisfies lL(t@)| =1

|2 - = o RS = i - SR e =50 (nay ossume $ 2 0)

Bl { -!S mg#‘h[ <. S iS |&“-d&gd uUs) gﬂs‘s
Ex: ) stroight. fine ) = Bit+ b uhere 0B _are nonzero constant, VeCtors

5 i s 2 S
L) = B sm=So\«(m\<_m=la\t % 1R

a -
< can be repovametvized by arc-length . iS) T TaT Sth

o R R4 = (0%t aftsint) . 050, b¢0 logrithmic, spival

_ check o s regular - ot = (08 (bost-sint) . 06 (bsint ¥ cost)) / @/ .
R TS LV PV N T T P M Vot O S \\1/

bs
197 5 log (11 3RT)__ check - o) = alt9) . ol = |

Cheyv cuiture
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Let () be o curve parametrized by ovc-length. {dot=1)

e (we) = d© = T (tangent. vector_with 1E1=1) . (E) = ) mecsure, the. chonge. of . the. tongent _vector_at. 21 1

€=t 28 Tht. T=-kw mﬂm_mmLMngeanij_mm_mJi;‘)'m__.“
Def_key = lolto)] is_called the cuvvatuve, of the. Curue o -

B plone i determined by T© and Ts) is called osculafing plase at s

Ex: mm@ghume‘,x(spasfb ) =8, i) =0, |} = 18l =1 ke =0 -
N » " ’ _St P  homS
(@)l = lacst, asint) . dio) = (-asivt, acost ), 1wl =0, §=) . dwldu=at 1= T

w6 = (aws(E) |, asin(F) . check 1o = |

’ ~ 2. Ve u o Lo 78 - v -
 de s o) s =T b= @ (hesE), man(E) Bi=ldol= ko= B = e

Def. Let. #(©) be a curve povametrized by arc-length st. k) >o.Ysel - N

b1 /
__b=TxN i called binomiol vector to o ot S e

A LE“}»-ls_mMed_Emm_imm‘_i_uMnm),;..,_~._ P -,_v,../fx_ﬁ_‘ B = emsesiac

Wbl = 1Tl = 1TNRIsnE =1 v LW

@b s perpendicular. to_osculating.plane(sponing by £ and ) R

(5.5 measures how the._osculatingplone. is moting e 2

@ b= f*-ﬁ)’= -‘ﬁ,x_ﬁ+—£>tﬁ'= khxh+txn=1txn 2 -\;'.I.‘t‘ o
®IBi=) , ¢B.b>=1, 2¢P.br=0 5, B1b = -

=, _ ’ - .17 -
IR O I O 1 O .

Cheyeculture



Date 106

_-'—- .__i_. Y
L5 =0 {<n,t>=—<n,t'y.-k
1 >

b =3Th , T: torsion < > =0 {HLBr = =R soz T
L %
B=Bx% 5 (A= (BV%E + Bx¥'= 20T E + Bx(koh) =- 79k kof g X
J =
Y=k b s called—the—Frenet—formata
l b= 4] -

Ex: o) = (acos() . asin %),__% ) where C=Ja%6

o edine (R fosl®) B) T dio= (-2 astS) —an($),0) ks lds) =%

”
w3 % (S)

o 0 =gy = (ool ~anlB) 6 ). Betulh (oin(¥), -2 oos(y) 2)

-

- =2/ b - b
vhtoh b= (s, B o) Q) ="

- 3 -~
Thm. B curve in R which hos k>0 i a plane_curve ¢ T=

o

<pf2() Lot o T F 5 a_plane_curve. Gilven_any constant. vector B , constant ¢ st «(s) - B = v

0

i N0 2 ’ 5 7s 0
(¢):8) =¥ =0 » do-Broa@B=0 5 do.B=o

z

-B=0 % T

’
7 Py 4 =
__ (de-B) =0 LABHAOB=0 - PH.B=o

v

Nib

P

b \,:(_-{3 2 -ﬁlzo 3> 7=0

-y e

&) v T=0 . b=0 ”"Emm_i!

 (49-3) = d© . B +atg) B = 5-F =0 > AlS) b =

const |

2. dS) is a

Cheyv culture
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H\»L:,LEL.EQLi!f..he..m..mm.pammmluﬂ,hg_emﬂmgm k=0 . 15 0 piece of ling

- MLIMMJMWMMXMLE_O,-& 9 is.a.port of circle. of - radius ¥

Find Acurmme_knmi_mmmt_nﬁmALassum‘mgJ.j_mramnrmﬂbg_.‘amdengfh-ikﬂmjﬂgm_m__._,_ :

Since. o« can be reparametrized by arc- length . ds b i |='f§'m ....... R o - I

s dt . +dt nidtd. . s d

e !1 ’dz
Ted - f@ - - il R ey, (b w*-“zs“;"‘ @

o tft s

o(
@-of > 0=kn-of = S+ L il i 2T - kn - m’”‘( i ) . - _vsime,
o S0 - O Y vz s ” 4
B T P A A T T J|.u W (- cof) _ %ol i lolxel |
K= J(J,tr)'( v o =l 3 S — 11 T
sy e lenl Yoal | WEC RS T = Wl (J_'L:ol"- (-t"-.(')«') _ dxu
N = W&dy W "% "} = Ve Hax %1 b= txn = E.L’_( Cdllelx ) / fdws) T T
-/ o xa ol dxa [dx -(.)-(-(’Ko(.)]ﬂ
.b_.__..‘.lo(lln(x.,«'il-_ 13 ol x o£”12 L — el
_— i Gelya®
ol N IO AL YN el T o O — " . I
o dm (x(n 0 o K0 XX o)
let witr=(x.yw) . &: I8 » 1= idoi = Temus . " WoyT ceh -
—_ = = (Qﬁ ), P s -x {+
‘,{_.OYL_RX,_ S TAn, t=kn *n Py - k=%.n ’Wﬂ;ﬂa on. R; ko oo s
posut-ve determmam:
Def. A rigid_motion 1n R is a resait. of_composing _a_translation_with _an_orthogonal _tronsformation with _

Recall : 0 A_tronslotion by a vector veR Aju_nm_&;\lf_-_v B Jhﬂt_is_gman_Bg_ﬂipL?_m,_P_E_JR.s. —

__________ @ﬂ_limarﬁap_f_s_}&ﬁjam\mmwnmhmm< i fu-fe=u-v Yuvel

Remark. arc-length,, carvature and torsion are. invaviant_under rigid_motion

dMou)
N, M.JB—»JR__.nguL motlon , «6_a_curve , A0 =Moo =Pet+C, Jallae = 1%
Tototion  transformation
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Thm. Fundamental _theorem _of the. cuyve. (local)

_Given differential function k>0 7). 5¢ 1. 3 a regular curve. pammetrized by arc-length o : T
S s the arc-length of o ki) i the curvature of o . T(9) i the torsion of « N
_ Moreover , « is_unique. up to rigid_motion_. ie. 3 vigid motion M : R— I, &= Mo = Pa i+ ¢

<> (uniqueness) Let_«() and () be two curve parametrized by Sela.b]

3 s s their arc-length and ko). T6). k9, T _satisfied ko) = ke . 76 = T

Lot soeTa,bd, concider B8 = A6 - (R (S0) - k(5a)) , B(Se) = Xise) = { H(Sa) = olilSa)) = o (So) i e

.86 = a translation_of w(s)

__Now rotate 8 + 65

_o(s9) = 6(S0)_and _olso uiith Tdentical binomal Aector at. Se

_leae {E72) ad {1E.5.5 1 te the Frenet frame for « and 66

consider o =1t-T 1+ ln-ﬁlzf bpebt (lai= <ot ot >)

for=2{ct-T et en-, 6-F>seb-b. 6-To]

- =2kt -T 0N - ko B s TaneB, s b4 £ oD bl 6 2 fo-0 - ) const.

. vfsa=0 > fw=0 Yselabl > t=T, n=n. b=k

——onsider )= |- 8OV, 9= 2¢e9)= 0. 46)- 618) » = 2 <9 0(6) , t-E> =0, § s€ [a.b]

. However . gse) = latts)- 081 [= 0 = gR1z0 > «S)= Bl5)

<ph> (existance of o) We want. to construct curve from k&) >0 and 7() . tis) = dis)
——constract, {T.,B} satishy the Frenet formula

I we set t=(titats) n=(hteny), be(bibeby) S T——
ts ki Bkt B o /t\ /0 KT o\/t\
e vy - = 3

T Ty e ——" n KL o =tijin
G=kn  the-kis-zh =T \‘;/ \“’ I .0/\"/

£4-7-eu|mn
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___There_are vine equation_% hos unknown . % is 9x9_linear ODE _

By ODE Thm., if we prescribe. the volumn_of t.n.b ot o fixed poirt.. then 3 sol. to the system.

e take t4s0) = (1.0.0). NS =(0.1.0). blS) =(0.0,1)

K h:labl —:Mﬂﬂsmmﬂa) L hiso) = (er.ea.es) 2 hio) = A0 hs) . hsa = (100010001)

~ By ODE Thm 3! ol g:Ta.bl> B 1o the TVP. Clam: {t.n.b} are orthonormal.

’
() = 2¢f.t> = 2k<tn> (<t,n>)' = kint - kitf- 2¢t.b> -
(nf) = 2¢N.n> =-2kent> - 27.¢nb> (¢n.b>) = 2Inf- kb t> - Tl
(!bla)l =2¢t.b> = 2T<n.b> (¢t.b>) = ken b> + Tet,no
s = Oelanl bt ctns, enbracbta)
" % o °
4 - Me X / @) %o -279 ©
g " W‘ICYE M(s’,.= 2 S o TR 0
g \ -k ks o o o -
Wi, = (111000 Lo me
_._consider const curve u®=(1.1,1.0.0.0) isa sol of & (2 G lineay ODE)
By ODE _uniqueness of sol * w1 =1 > 61= (1L1.1,0.0.0) - -

tf=1 <t.hr=o

2 We have { In"= 17 enby =0 o Yselanl = =

L1 <btr=o

{tnwld satisfy _the Frenet. formula = «6) = S ; ) du = j go () du

Global property of plane curve

2
Def. A carve o:La.b)—>R i o closed curve . i ofa) = atth) . s ot = o . where o and its.

.derlotives ogree ot @ and b.

3
Def_B_simple closed curve in R & o cuwe uith no self-intersection,

ie. o:labl> gs and. lty) = (ta) ., for some ti.tae[ajo]  then Ti=tz.

64-7 v culture



Def. B plane._corve. o : fa.bl->R I o positively oviented _simple. closed corve i the. interior ey
—_enclosed by curve i on the LHS. WORRINUNT- -3 R

Recoll : Green Theorem —
et ¢ be a positively oriented piecewise_smooth Simple. closed carve. in R _and let. R be the
——tegion enclosed by C. ey ;

= _I{_{_nnd_g_am_ﬂm_(x< y) mﬁmd_on_asm_mghnmmng_k_mmm_“mnﬁnmm__
" x {. C(R)
—portiol devivate”, then Jo (£ 55 + 93%) ac = JJo(32-25) 4eay 3%

% Let Feoy.gox, then JolgXaxg) ot = Sl 2dxdy = 2 o dray = 280 ®

o o Prea®: A=yl 0

2
I
& =
_H_ R T T . diametey = d = 2r

i
I
|

————Let curve o be pavametried by orc-length o(s) = (xo).y) . Selc
_MMMEWM_@:.WS) = (x6).36)

2 oL 2
X(S) + g =r

)

T

radivs

!
— T b e a e OB,

D e
ne =T

=
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e know: that. A(R).= area of region ,R..:—_."z',.ﬁ_(.xé XTEL Y -
. ___i:_(*_y,)_ds.ﬂlgllg_-_&g'_ds___ﬁ_(_x'g_)ds_-zfng’dLﬁxéds =-Joutas
AR - gty as = E o Gl xiras = foxdas

AlCw) = 1 = 5 o (g g as = 4 05-gx-gX 145 = - fo ghras

2

X+ 9’2= IV by arc-length.

2 ? B il 2 7 A3 33 32 ,3
AR+ ALY = ARY+ T = Jo xd- T ds < 5o Joqgar ds « (5 Jogoeds g s = Jords = v -

B Bom < S TAR +AGn =2 ARt ) € & » aR1r <L » ape L

2 9 2
B S Tog g s = [ T@goecngds > - axdyx =

2

(XKlfg\!) =0 >

& 2 2 VS
e X 2 L )

2 2
Xx+ g"g‘
2 3 2 2 2 2
+ 2%% X = X+ ¥ =¥




